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Abstract: Energy harvesting from ambient vibrations has received significant attention as
an alternative renewable, clean energy source for microelectronic devices in diverse appli-
cations such as wearables and environmental monitoring. However, typical vibrations in
remote environments exhibit ultra-low frequencies with variations and uncertainty leading
to operation away from resonance and severe underperformance in terms of power output.
Pendulum-based energy harvesters offer a promising solution to these issues, particularly
when designed for parametric resonant response to driven displacement of the pendulum
pivot. Parametric excitation has been shown to trigger fast rotational motion of the pen-
dulum VEH that is beneficial for energy generation and the necessary space utilization.
Nevertheless, low-frequency ambient vibrations typically come at very weak amplitudes,
a fact that establishes significant design barriers when traditional gravitational pendula
are used for rotary energy harvesting. In this paper, we propose a novel concept that
utilizes permanent magnet arrays to establish pendulum dynamics. Extensive investigation
of the restoring torque of the proposed magnetic pendulum concept is conducted with
analytical tools and FEA verification. The resulting oscillator exhibits frequency tuning
that is decoupled from gravity and adjustable via the circularly arranged magnetic fields,
leading to increased flexibility in the concurrently necessary amplitude tuning. Numer-
ical integration of the nondimensional equation of motion is performed in the system’s
parameter space to identify the impact on the regions triggering rotational response to
parametric excitation. Finally, a theoretical case study is numerically investigated with the
device space constrained within 20 cm®, showing a multi-fold improvement in the achieved
power density of over 600 uW /cm?3/g?/Hz over a broad range of frequencies and driving
amplitudes aslow as 1.1 Hzat 0.2 g.

Keywords: vibration energy harvesting; electromagnetic; pendulum; low frequency;
rotational

1. Introduction

Vibration energy harvesters (VEHSs) are devices that convert the mechanical energy of
vibrations into usable electrical energy for local power supply of small electrical loads [1].
These harvesters are composed of a transduction mechanism and a mechanical system in-
teracting with the host structure vibrations. The transduction mechanism typically consists
of electromagnetic [2], piezoelectric [3], or electrostatic elements [4], which transform the
displacement of an inertial oscillator or the deformation of a substructure into electrical
energy. A wide range of applications are targeted for VEHs, among the most prominent
of which include self-powering of remote distributed wireless sensor nodes for structural
health monitoring or condition monitoring, embedded and implanted sensor nodes for
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medical applications, monitoring tire pressure in automobiles, capturing and analyzing
environmental data, and running security systems in household applications [5]. At the
center of the VEH technological concept is the supply of recyclable power to remote sen-
sors in Internet-of-Things applications, reducing battery replacements in hard-to-reach
locations whereas small VEHs can supplement batteries in health monitoring wearables [6].
The versatility of VEHs across these domains underscores their potential in promoting
energy efficiency and sustainability in modern technological applications with the main
advantages pertaining to reduced hardware cost and labor intensity [7,8].

Efficient energy harvesting is typically achieved by tuning the coupled electrome-
chanical oscillator to resonant operation. Nevertheless, vibration energy in most practical
applications is distributed across a frequency band that may also be subject to uncertainty
and frequent variations in the dominant frequencies, leading to detuning of the resonator
and severe underperformance in terms of the harvested power. This, in turn, adversely
affects the resilience of potentially critical data transfers to inherently uncertain operating
conditions. Therefore, traditional resonant VEHs are often limited by narrow operational
bandwidths that restrict their efficiency when environmental vibration frequencies vary.
Consequently, optimizing VEHs to capture energy across a broad vibration spectrum is
essential for improving their performance and practical utility. To address this, several
strategies have been developed to achieve broadband energy harvesting. One approach
involves the use of nonlinear stiffness elements in the VEH to broaden the bands of efficient
power capture based on the associated nonlinear frequency response [9]. Diverse realiza-
tions of the required nonlinearity have been proposed involving geometric nonlinearities
such as H-shaped springs [10], magnetic levitation [11] and bi-stable configuration of the
mechanical part of the harvester [12], extended to rotational systems as well [13]. The
introduced nonlinearity allows the harvester to adapt to shifts in ambient vibration fre-
quencies [14], thereby broadening the frequency range over which energy can be effectively
harvested. Simulations have demonstrated that nonlinear devices can outperform linear
systems, with potential increases in output power of up to 48% [10]. Despite promising
results in increasing the response bandwidth, weak mechanical nonlinearities offer ques-
tionable improvements in the power output, particularly when real-world noisy vibrations
are considered [15]. Another method is the implementation of the Short Circuit Synchro-
nized Electric Charge Extraction (SC-SECE) interface. This technique introduces a tunable
short-circuit phase, which influences the energy harvesting process. The SC-SECE strategy
has been shown to significantly enhance both the harvested power and the operational
bandwidth, particularly when applied to highly coupled harvesters [10]. Additionally, inte-
grating electret-based electrostatic coupling with piezoelectric cantilevers offers a means
to achieve frequency tuning. The electrostatic force generated by the electret film enables
modulation of the resonant frequency and introduces additional electrical damping, leading
to improved power output. Experimental results indicate that such hybrid harvesters can
adjust their resonant frequency over a range of 176.1 rad/s and achieve power outputs
significantly higher than those of individual piezoelectric generators [16]. These advance-
ments in tuning mechanisms are pivotal for the development of VEHSs capable of efficient
energy harvesting across a wide range of vibration frequencies, thereby enhancing their
applicability in various real-world scenarios.

Typically, electromagnetic VEHs are considered to be more suitable for low-frequency
vibrations [2,17]. Among the various concepts proposed in the literature, pendulum-based
vibration energy harvesters (VEHs) have earned significant attention among researchers
due to their unique ability to convert ambient mechanical vibrations into rotor-generated
electrical energy [18], particularly in environments characterized by low-frequency and
multidirectional excitations [19]. Unlike traditional linear harvesters that rely on elastic
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elements, pendulum-based VEHs utilize gravitational restoring forces that are easier to
tune to low frequencies without jeopardizing the VEH’s structural integrity. Ma et al.
proposed a parametrically excited pendulum energy harvester with a generator attached to
the pendulum’s shaft [20], benefiting from the parametric instability regions which have
been shown to result in broadband energy harvesting [21]. Typical softening backbone
curves were exploited to convert rectilinear vibrations to oscillatory pendulum response,
reaching a power output of 1 mW over a broad range of approximately 2—4 Hz. Attaching
the induction coils on a second parallelly placed pendulum provided power improvements
of ca. 37% as long as anti-phase motion was established [22]. Various other modifications
have been proposed in the literature—see, for example, [23]—which mostly regard the
swinging motion of the pendulum as a means of angular electromagnetic induction. Recent
advancements have explored various configurations, such as single- and multi-pendulum
setups, spherical pendula [18], as well as the integration of modulation mechanisms to
enhance the energy transduction efficiency. For instance, the incorporation of hybrid
vibro-impact electromagnetic-dielectric generators within pendulum structures has demon-
strated improved energy conversion capabilities [24]. Additionally, the development of
pendulum—flywheel systems [25] has been shown to facilitate automatic transitions be-
tween swinging and rotational modes, thereby adapting to varying excitation intensities
and optimizing energy harvesting performance. Another emerging proposal is the use of a
double-pendulum energy harvester that exhibits better energy conversion than the single
pendulum while having a magnet connected to the lower mass [26]. Various researchers
have also considered combining different transduction mechanisms with the pendulum
part being used for frequency tuning [27]. These innovations underscore the versatility
and potential of pendulum-based VEHs in harnessing ambient vibrational energy across
diverse applications.

An interesting class of pendulum VEHSs considers the possibility for the pendulum to
respond with rotary motion to driving vibrations. Parametric instability of the pendulum
may lead to a variety of response types, with the unidirectional rotations occupying a
significant area of the high-amplitude design space even with the presence of prominent
uncertainty [28]. The concept has been previously put forward for wave energy conver-
sion [29,30] and still attracts researchers with various applications [31], taking advantage
of the rotational response regime. Frequency tuning to the primary parametric resonance
was shown to be accessible via the compound pendulum inertia [30,32], whereas inclined
arrangement of the plane of rotation could allow a narrow space for amplitude tuning as
well [29], with the main drawback related to the necessary space for installation. Micro-and
meso-scale applications with rotational pendulum VEHs have also been considered. Ylli
et al. compared the performance of rotary pendulum VEH for human motion energy
harvesting [33]. Dai proposed a magnetoelectric transduction for increasing the efficient
harvesting band [34], and Kuang et al. utilized the stabilization effect of parallelly polar-
ized permanent magnets and the excellent friction properties of nickel-plated magnets to
form a pendulum with a magnet rolling on another one [35]. A hybrid VEH with rotary
pendula was proposed by Hou et al., involving a magnet-carrying pendulum and plucked
triboelectric beams for human motion and ocean monitoring [36]. Despite the admittedly
impressive experimental endeavor and meticulosity of the authors, the relatively strong
vibrations of more than 1.5 g raise questions about the efficacy of traditional gravitational
pendulum and the achievable power density at the more often encountered weak vibra-
tions << 1 g. Li et al. considered a more representative vibration amplitude across the
board of 0.1 g up to 3 Hz for a compound magnetic pendulum, and found an impressive
power improvement near resonance [37], although the demonstrated VEH bandwidth
was limited. Masabi et al. [38], on the other hand, considered an ungrounded pendulum
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for harvesting energy from high-speed shafts with a remarkable utilization of multiple
dynamical response regimes.

This rich literature demonstrates a genuine opportunity to utilize rotating pendula
for efficient VEH at low frequencies. However, previous efforts have been limited by
the influence of gravity and the coupled determination of the nondimensional frequency
and amplitude control parameters. This is an interesting fact given that electromagnetic
VEHs presuppose strong magnetic interactions for efficient voltage induction. Neverthe-
less, permanent magnets have been primarily used in pendulum VEHs as a means of
electromagnetic transduction alone or for the local modification of the potential energy
of gravitational pendula [39]. In this paper, we propose a novel concept for a magnetic
pendulum VEH (mPVEH) based on purely magnetic restoring torque. The main advantage
of this concept is the flexible adjustment of the nontraditional pendulum dynamics to a
target mode of operation (e.g., rotational) that overcomes reported limitations of traditional
gravitational pendula VEHs. Section 2 provides an overview of the mathematical back-
ground that demonstrates this latter limited operation within mainly oscillatory motion.
The working principle of the proposed concept is presented and a mathematical model
of the magnetic restoring torque is developed. The equation of motion of a simplified
VEH realization is also reported in nondimensional form. Numerical investigations of
the mPVEH are presented in Section 3, aiming to highlight the flexibility of tuning the
mPVEH to rotational response under low-frequency weak-amplitude vibrations and to
reveal the power gains achieved with the rotational mode of energy harvesting as opposed
to the oscillatory counterpart. Section 4 shows the regular dimensional analysis of two case
studies as a demonstration exercise, and the main conclusions are reported at the end of
this work.

2. Magnetic Pendulum Vibration Energy Harvester
2.1. Pendulum VEH Limitations

Pendulum-based VEHs have been extensively considered for harvesting energy from
low-frequency vibrations, not least due to the potential of establishing rotational motion in
response to rectilinear displacement of their pivot. However, the parametrically excited
pendulum comes with significant limitations for vibration energy harvesting that is inherent
to the physical realization of pendulum dynamics. To elucidate these, consider the following
equation of motion for a typical pendulum VEH with its pivot point excited by the base
displacement x;:

(Id + mez)é + (Cm + ¢ )0 + mgesin § — meiysin 6 = 0 (1)

where I; is the inertia of balanced parts of the pendulum, m the eccentric mass, e its
radial fixed distance from the pivot axis, ¢, the mechanical damping, g the gravitational
acceleration, 6 the pendulum’s angular displacement from the hanging-down position and
ce the electrical damping. The latter arises by the commonly considered simplification that
the coil inductance is negligible, thus leading to a single-degree-of-freedom (SDOF) system
with an additional damping term, c. = x>/ (Rc + R;), where « is the electromechanical
coupling of the moving magnet with the stationary coil, R, the coil’s resistance, and
R; a resistive load that closes the coil’s circuit. For impedance matching (R. = R;), the

2
instantaneous power harvested can be expressed as P = ¢.0 /2. Let us now assume
harmonic base displacement x;, = Acos wt and further nondimensionalize the time t in
Equation (1), using T = Qyt:

0" + (vm +ve)0' + (1 + AcosvT)sin§ = 0 @)
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where the following parameters have been defined:
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It is well known from the mathematical analyses of the parametric pendulum that
the system described by Equation (2) may exhibit a multitude of interesting dynamical
phenomena including period doubling cascades, chaos, and global bifurcations. When
displaced from its hanging-down equilibrium, the parametric pendulum has two main
response regimes that have been commonly considered for vibration energy harvesting pur-
poses: swinging vibrations about the stable hanging-down equilibrium and unidirectional
rotations. Interestingly, the parametric resonance tongue that initiates from v = 2 may lead
to a broad frequency range where the pendulum establishes either swinging vibrations for
relatively weak excitation or rotational response for higher pivot accelerations. Apparently,
the rotational response is easily shown to be much favorable for VEH due to the higher
average speed that the pendulum develops and the unidirectional character of its motion
in the rotational regimes.

With these remarks in mind, researchers have investigated harvesting energy from the
host base vibrations. Nevertheless, the physical realization of this promising mathematical
possibility stumbles upon persisting issues related to the gravitational potential well that
effectively dictates the pendulum dynamics. Note that a baseline concept involves a rotary
permanent magnet generator mounted to the pendulum shaft whereby the pendulum
consists of purely mechanical parts, although such an approach comes with increased
space requirements. Recently, several authors have considered an alternative concept for
more compact devices with the power harvesting electromagnetics placed at the pendulum
end. Typical issues in the latter are the centrifugal radial loads on the VEH bearings
caused by the swinging pendulum and the considerable space required for the pendulum
parts, such as the shaft, the arm, and the eccentric mass. In addition, ambient vibrations
such as those encountered in environmental interactions and wearables may drive the
host system in multiple directions with considerable uncertainty. This could displace the
pendulum’s plane of rotation from its designed-for position to misalign with respect to
the gravitational acceleration, leading to uncertainly weaker excitation that is too difficult
to account for in one amalgamated realization. Nevertheless, the most critical difficulty
relates to the tuning requirements. Usually, the pendulum consists of a bluff inertia I;
including the shaft, mounting connectors, and possibly mounting discs and an eccentric
mass m used to introduce the mass imbalance that is required for establishing pendulum
dynamics. Tuning the pendulum to the primary parametric resonance (v = 2) requires an
elaborate manipulation of the two main inertias such that the resulting compound natural
frequency (see definition of (),) satisfies the conditions for the primary resonance. Tuning a
mathematical pendulum to low frequencies then requires the eccentricity of the pendulum
to become unfeasibly large. Often, the balanced bluff inertia I; is used to overcome this by
increasing the pendulum inertia without affecting the gravitational restoring torque, thus
offering a solution to tuning the pendulum to the primary parametric resonance. However,
the parametric pendulum—as is mostly the case with nonlinear oscillators—needs to be
adjusted above a minimum nondimensional excitation amplitude in order to establish
the favorable rotational response, an issue that cannot be overcome by manipulating the
pendulum’s inertia (see parameter space plots in [28,29]).

This is highlighted by the factor I that now appears in the parametric excitation
amplitude. In fact, with some simple manipulations, it is shown that the nondimensional
amplitude A is equal to Aw?/g and thus cannot be adjusted by the system’s inertia. There-
fore, in order to enter the rotational response regime, the input acceleration has to overcome
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a threshold ratio with respect to the gravitational acceleration that tends to restore it.
Typically, and depending on the dissipation of energy, this A ratio takes values of O(1).
Low-frequency vibrations typically come with relatively weak amplitudes in the order
of 0.01-0.1 in g units, thus leading to disappointingly weak excitation and keeping the
feasible pendulum response below the global bifurcation amplitude thresholds. Although
the threshold to overcome the global boundary depends on damping and one might sug-
gest that lower dissipation could fill the gap, this might have an adverse effect on the
generated power via the electrical damping coefficient. Consequently, the coupling of
the gravitational potential well not only with the resultant frequency ratio v, but with the
amplitude A as well, is a persistent barrier that delimits the applicability of pendulum
VEHs for low-frequency vibrations.

2.2. The Proposed Concept

In this paper, a magnetic pendulum is proposed with the scope to address the limita-
tions described in Section 2.1, focusing on overcoming the issues of weak amplitude for
low-frequency vibrations. A schematic representation of the concept is shown in Figure 1a.
The stator (s) is placed around a static mounting rod, whereas the rotor (r) is free to rotate
with respect to the common center point (denoted with a black dot). The airgap (a) of
thickness a, is interposed to separate the rotor and the stator, being a rather critical design
parameter, and it will be discussed later. An even number of 21,, magnets is arranged
in circular arrays with alternating polarity in 1,, pole pairs at both the rotor and the
stator. The magnets are constrained to an even number to result in an integer number of
equidistant equilibria. Note that the proposed oscillator exhibits an equal number of stable
and unstable equilibria, for example, a realization with six magnets in the rotor and six
corresponding magnets in the stator (i.e., 1, = 3 pole pairs) would have three stable and
three unstable equilibria. Throughout this work, we focus on the mechanical aspect of the
magnetic pendulum, and thus, the harvesting circuitry is taken at its simplest form for
electromagnetic VEHs. The electrical subsystem of the harvester is considered to be 21,
multilayer coils mounted on the stator and arranged radially to face the rotor magnets, with
each coil connected to an identical load with resistance R;. Neglecting the generally small
inductance of the coils, the circuits amount to an additional electrical parasitic damping
where the dynamic response of the harvester is concerned. Neglecting the inductance is
not expected to induce severe errors, given the ultra-low vibration frequencies and the
generally small size of the coils. Of course, advanced power management and voltage
rectification would be required in a practical application of the VEH. However, the current
paper is focused on investigating the benefits of the nonlinear mechanical response of mag-
netic pendula, and therefore, secondary energy losses at the power management circuitry
are neglected.

For simplicity, all magnets are considered to have equal width w perpendicularly to
the plane of rotation and equal radial thickness ¢, resulting in larger arc lengths for each
magnet on the rotor. The pairs are adjusted such that opposite magnets in the rotor and
the stator have the same polarity for zero angular displacement 6 of the rotor, leading to
a system with multiple equilibria, equal to the number of pole pairs. For example, the
particular case shown in Figure 1a with four pole pairs exhibits four stable equilibrium
positions as denoted in the illustration.

Pendulum dynamics are introduced in the proposed concept via the magnetic interac-
tions developed between the permanent magnets of the rotor and the stator. When the rotor
is displaced to an arbitrary displacement 6, the stator magnets apply a restoring torque that
tends to counteract this displacement, similarly to a nonlinear torsional spring. In fact, the
symmetric pattern of the proposed design is shown to produce an almost sinusoidal restor-
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(r): rotor
(s): stator

(@): airgap (r

ing torque (Section 2.3.1) that closely emulates the gravitational restoring torque of classical
gravitational pendula, alas, without any dependence on the gravitational accelerations,
such that the proposed VEH could be realized even with a purely balanced pendulum
system. Furthermore, the analysis in the following section shows that the magnitude of
the restoring torque (Figure 1b) is decoupled from the mass distribution of the rotor and
the gravitational potential well, which is a critical limitation in traditional gravitational
pendulum VEHs, and it is largely flexible against its size, since it is directly determined by
the intensity of the interacting magnetic fields. The latter depend on a multitude of design
control parameters: namely, magnet grade, rotor and stator geometry and size and airgap
properties. This allows for manipulating the oscillator’s potential well according to the
tuning requirements, irrespectively of gravity and the balance or imbalance of the rotor.

‘ X numerical results sine fitting ‘

2nd

Vs

4th
(a) (b)

Figure 1. (a) Conceptual sketch of the magnetic coupling with 4 pole pairs with radially magnetized
permanent magnets at 8 angular displacement of the rotor. Arrows indicate radial magnetization di-
rection with read denoting inwards and blue outwards magnetization; (b) restoring torque of the rotor
for N42 magnets (By = 1.31 T) and npp =4, t =5mm, w =10mm, g, =5mm, doyr = 50 mm.

2.3. Mathematical Model

In this section, a mathematical model is developed to study the dynamics inherent to
the proposed concept. First, a model of the magnetic restoring torque is developed using
the so-called charge model [40], and then, a reduced SDOF model of the mPVEH is used
to analyze the system response. The magnetic oscillator is also coupled with an electric
harvesting circuit to calculate the expected power output.

2.3.1. Restoring Magnetic Torque

A model of the restoring torque acting on the rotor—stator system is necessary to un-
derstand the design principles underlying the proposed concept and to highlight possible
limitations. Several authors concerned with VEH have considered the relatively simple
dipole model to account for magnetic forces. However, this approach requires large separa-
tion distances which cannot hold for the magnetic arrays considered herein. Furthermore,
the magnetic fields of permanent magnets are prone to weakening effects from their own
intensity fields captured by the related permeance coefficient that leads to weaker operating
points, whereas avoiding demagnetization from interacting magnets delimits the breadth
of the foregoing analysis to large airgaps. As a result, the so-called charge model is used
for calculating the restoring torque at the concept’s design space, validated with pertinent
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FEA results. This approach discretizes the magnetic body to a finite number of magnetic
dipoles, thus involving the impact of the magnet’s geometry. The results are also validated
with FEA analysis to exclude the possibility of demagnetization.

Referring to Figure 1a and the associated parameters, the restoring torque on the rotor
is calculated numerically using the following formula [40], p. 142:

T= /me(r X Bext)dv + fg O (r X Bext)ds ©)

where the mentioned notation is used and bold indicates a vector. Effectively, the volume V
of the magnets and the surface areas S to which the magnetization is normal, i.e., the inner
and outer arc surfaces of the magnets, are discretized with a spatial grid on a cylindrical
coordinate system (r;, ¢; , z;) for the rotor and (r]- P zj) for the stator, with the origins at
their common center. Note that the 3D grid indices are omitted for ease of presentation.
Then, the total torque is calculated with a numerical iterative procedure as follows:

2npp
Ty = %'Zl(TViVj + Tsivj + Tvisj + Tsis;) (4)

ij=
where summation arguments refer to the torques induced by volume-to-volume, surface-
to-volume, volume-to-surface, and surface-to-surface magnetic interactions between the
i-th rotor magnet volume and the j-th stator magnet. Subscripts V;, V; denote all the nodes
belonging to the i-th rotor magnet volume and the j-th stator magnet, respectively, and S, k
=1, 2 denotes the node sets on the two polarized face surfaces of the i-th outer magnet and
Sj1,l =1, 2 the corresponding ones relating to the j-th inner magnet. The torque arguments
in Equation (4) are given by the following [40]:

Tvivj = L1 pipjri 7erIH(E()P§__¢j)
i Vj &l

Tovi= ¥ Lo Bneet)

3
Sik=12V; Dj
rjsin(gb,-fqb]-) (5)
Tvisi=Y L pi0ji—ps—
Vi S]'k,k:1,2 ij

Tsisj= L Y. 0i0jr
Suk=125;,1=1,2

with

Djj = \/rlz + r}z — 2rirjcos (i — ¢j) + (zi — z]-)2

wherep;; = -V - Msi,j = —M;; jdrdpdz is the volume charge, 0 ; = MSi,j = M r;jdpdz
is the surface charge, and M;; = B,;;/io is the magnetization of the i-th rotor and j-th
stator magnets across the radial coordinate with alternating direction. B,; ; is the remnant
magnetic flux density of the material, and 7 is the normal vector to each magnet’s faces.
The reader is referred to [40] for a detailed discussion of the use of the charge model for
calculating force and torque between permanent magnets.

Figure 2 shows the restoring torque of the rotor for various pole pairs. The computed
torque is normalized to unity, and it is shown against a scaled angle 7,6 in order to
facilitate comparison of the torque profiles. The numerical results were produced for a
theoretical case study whereby the stator’s inner diameter was kept constant at 10 mm and
the rotor’s outer diameter at 30 mm. The spatial grid used a constant size of dr = 0.2 mm,
dp = /60 and dz = 1.7 mm. This approach was preferred in order to highlight the
concept’s flexibility within a given space constraint, which is typically an issue that has to
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Pole pairs, n__ =1

be satisfied in VEH applications and, in fact, a rather pressing one when low-frequency
concepts are concerned due to typically larger displacement amplitudes. Different thickness
values t were considered starting from 1 mm up to 2.5 mm, which were applied to both the
rotor and the stator magnets. Hence, the airgap was kept at a; = 10 — 2t mm, varying from
8 mm down to 5 mm correspondingly. Moreover, each graph contains a pure sine wave
that effectively describes the normalized potential well of a gravitational pendulum. The
purpose of this exercise is to elucidate the mathematical pattern of the torque produced
across the angular displacement range of the proposed concept and to compare it with
the one expected in a typical pendulum VEH. Figure 2a—e reveal that the restoring torque
closely follows a sinusoidal function of the displacement. In particular, for two pole pairs
and above, the deviation of the restoring torque from a pure sine wave is clearly negligible.
For a single pole pair, the departure is more substantial with R? =0.9633; however, a single
pole pair would not be a preferential option anyway since it can be reasonably expected
that more pole pairs would lead to higher rates of harvesting coil flux density variations.
Consequently, the proposed magnetic concept can be confidently expected to emulate the
dynamics of traditional gravitational pendula for a broad range of design space parameters.

Pole pairs, n__ =2

PP pp

1 .
—O5—1=0.001 —5—1=0.001
—%—1t=0.0015 —%—1t=0.0015
05 & —5t=0.002 051 —t=0.002
—5—1=0.0025 ——1=0.0025
% —sinf %
E E
e 09 S
> >
[ =
-0.5 -0.5
-1 -1 : .
-3 -2 -1 0 1 2 3 -3 2 -1 0 1 2 3
n__ 6 (rad) npp 0 (rad)
(a) (b)
Pole pairs, n_ =3 Pole pairs, n__=4
1 PP 1c R PP
—©—1=0.001 —5—1=0.001
—%—t=0.0015 —%—t=0.0015
05+ —-t=0.002 051 —£-t=0.002
—$—1=0.0025 —$—1=0.0025
8 5
E E
= =
> >
- -
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1 | "'515 1 4
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(o) (d)

Figure 2. Cont.
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Figure 2. Normalized restoring torque against normalized displacement angle for pole pair numbers
(@) npp = 1; (b) npp = 2; (c) npp = 3; (d) npp = 4; (e) npp = 5; and (f) maximum torque computed for
each pole pair number and radial magnet thickness .

Additionally, Figure 2f shows the computed maximum torque for each case. It is
noteworthy that the cases with n,, = 2, 3 are shown to produce a maximum torque
magnitude with respect to the other options, almost regardless of the magnets’ thickness.
Moreover, it is quite sensible that thicker magnets are shown to lead to harder magnetic
torsional springs. Based on these, the pole pairs and the magnets’ size can be used to
scale the resulting restoring torque to the levels required for frequency and amplitude
tuning. However, an important observation from this graph is the vast design space that
the features of the proposed concept create with respect to the restoring potential well. The
torque magnitude attains values from about 0.005 Nm up to around 0.155 Nm, utilizing a
confined available space and without necessarily having to resort to any eccentricity or a
precise total inertia. The variation in the magnets’ thickness can be easily compensated by
non-magnetic material, showing that a constant rotor inertia—even balanced in principle—
offers a design space that covers an almost 30-fold increase in the restoring torque, without
any influence from possible variations in the plane of rotation. Note that this is achieved
without considering the readily available option to use less and/or smaller magnets in the
stator. In other words, the proposed magnetic pendulum concept offers a design space
that can fulfill the pendulum-based VEH tuning requirements in a correspondingly broad
frequency range. On the other hand and under the same constraints of fixed space and
inertia, the gravitational counterpart could only be tuned to a specific frequency that would
come with detrimental sensitivity to the system’s orientation in space.

The ensuing analysis has not hitherto considered the effects of permeance and pos-
sible external H-field demagnetization. Although permeance is expected to cause minor
weakening of the magnetic fields, external demagnetization is quite unlikely to do so due
to the relatively large radial distance between the magnets. Nevertheless, an FEA model
was developed in Simcenter Magnet 2022.1® to verify these reasonable predictions. The
case with n,,, =3 and t = 2.5 mm was selected since it is expected to demonstrate the higher
risk of demagnetization. Indeed, the model using 3,330,000 tetrahedra of 0.5 mm maximum
size for the magnets and an airbox verified that the above analysis is not susceptible to
demagnetization issues. Figure 3a shows the field plot for the Demagnetization Proximity,
a Magnet® metric that quantifies the risk of demagnetization, effectively subtracting the
computed H-field value in the mesh from the knee point and expressing it in normalized
form. Positive proximity values signal a demagnetization issue, whereas negative values
indicate a safe magnetic circuit. It is noticed that the maximum computed value is —0.1347,
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which builds confidence on the aforementioned analysis. Furthermore, as Figure 3b depicts,
the FEA model produced a result extremely close to the torque calculated with the charge
model with a magnitude of 0.153 Nm for the former and 0.1534 Nm for the latter.

\ \ 02
<> Charge model Eq. (5)
Shaded Plot —FEA
Demagnetization proximity 01+
5 .
-0.134364
-0.455016 g
-0.775669 pd 0<
-1.09632 e
-1.41697 Ll
-1.73763
-0.1F
02+ : : : :
-m/3 -m/6 0 /6 /3
4 (rad)
(a) (b)

Figure 3. (a) Demagnetization FEA results for N42 magnet’s setting n,, = 3, = 2.5 mm and normal
thickness w = 10 mm. Negative values indicate that the induced H-field in the magnetic circuit has
not reached the material’s knee point; (b) Comparison of the restoring torque computed with the
charge model with FEA results.

2.3.2. Equation of Motion

After obtaining validated data for the restoring torque developed in the magnetic
pendulum system, the equation of motion of the VEH can be developed. For simplicity, we
assume that the VEH's pivot vibrations x;, lies within a horizontal plane perpendicular to
gravity and that the parametric excitation term is produced by an eccentricity of the rotor,
me (Figure 4) which, nevertheless, does not affect the VEH's conservative dynamics due to
the horizontal constraint of the plane of rotation. These assumptions are only used herein
to reduce the system complexity for the ensuing analysis. Nonetheless, one could readily
conceive of an arrangement without the horizontal constraint leading to a combination
of magnetic and gravitational torques. However, we hold these assumptions in order to
simplify the foregoing analysis that aims to elucidate the potential of magnetic pendula for
VEH. Then, the equation of motion of the mPVEH is written as follows:

L0 + (cm + ce)0 + Tosinnyyf — meiysin® = 0 (6)

where I, denotes the rotor moment of inertia. Ty is the magnitude of the restoring torque
at the angular position where each rotor magnet faces a stator pole pair. The analysis in
Section 2.3.1 justifies the assumption used in Equation (1) that the torque has a purely sinu-
soidal profile, whereas the mentioned computational procedure can be used to determine
Ty for a given design. It can be readily observed from linearizing Equation (1) that the
magnetic pendulum has a natural frequency for which Q2 = n pTo/ Ir,ie., completely in-
dependent from gravity and any possible eccentricity. In principle, the VEH's conservative
dynamics are also independent from the orientation of the rotor’s plane of rotation, given
that the eccentricity is not essential to realize the conservative dynamics. Therefore, tuning
the system to a desired frequency can be accomplished with the magnetic torque, apart from
the traditional influence of the moment of inertia, allowing the possibility to use versatile
lightweight concepts. Furthermore, normalizing time using T = ();,t and the angle using
¢ = np, and again assuming harmonic base displacement leads to the following;:

¢" 4 (Ym + Ye)¢’ 4 sind + Apcos vmrsin<¢> =0 @)

np
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where v, = ¢/ OQmly, Ye = ce/ Qumly, vy = w/Qy and Ay, = meAw?/Ty. From a design
perspective, it is noticed that this equation describes the dynamics of a parametrically
excited pendulum for which frequency and amplitude tuning are controlled with increased
flexibility from each other, despite the parallel dependence on the eccentricity me and the
magnetic torque Tp. Note also that they are both completely independent from gravity and
the VEH’s orientation. The design problem is then converted to an exercise of finding the
desired parameter set for given excitation frequencies and amplitudes. This is a promising
feature that allows adjusting the VEH to the expected vibration magnitude at the design
stage, an option that is not available with existing pendulum VEHs. This is readily deduced
by comparing the expressions of the nondimensional amplitudes A and A, with each other.
Effectively, the former is the given host vibrations in g units over which there are no design
degrees-of-freedom, whereas the latter can be adjusted by properly scaling the ratio of the
eccentricity to the magnetic torque. Recall that maintaining a desired frequency tuning
can additionally be achieved by adjusting the balanced inertia term. Consequently, the
magnetic pendulum system represents a linear-to-rotary VEH whereby the nondimensional
parameters v, and A, controlling the parametric response type can be designed-for with
substantial flexibility. This is a considerable step forward for nonlinear VEH since existing
pendulum concepts were hitherto confined to frequency tuning only.

: > X b
Figure 4. Sketch of the assumed VEH vibrating in a horizontal plane with a small eccentricity.

In order to demonstrate this, an exploration of the parameter space is conducted for
fixed vibration input of 0.2 g magnitude at 2 Hz considering a maximum possible balanced
inertia of 20 kgmm? fitting a @30 x 10 mm? space. Figure 5a shows colormaps of the
resultant A, over the eccentricity and the magnetic torque. The contours demonstrate
the potential to adjust the system parameters such that a desired amplitude tuning can
be achieved, whereas the rotational response needs finer amplitude tuning depending
on the frequency ratio. Furthermore, Figure 5b,c show shaded areas enclosing values of
vy € [1.5,3.5] for various values of the balanced inertia I, suggesting that a broad range of
tuning parameters may result in the preferred frequency ratio. It is therefore observed that
the proposed pendulum VEH nondimensional frequency and amplitude specifications can
be tuned to the parameter space regions expected to lead to the rotational response regime
(A > 1), despite the assumed weak 0.2 g vibration magnitude. The following section aims
to demonstrate the impact of these advantageous design features on the establishment of
rotational vibration harvesting with numerical calculations of frequency and amplitude
response curves and a representative design case study.
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Figure 5. Parametric analysis of the design space for 0.2 g base vibrations at 2 Hz using 1, = 2 pole
pairs within a space of @30 x 10 mm?3; (a) variation in A,, against the eccentricity me and magnetic

torque Tp; (b) shaded area encloses the parameter space of 1.5 < v, < 3.5 for (b) Iy = 4 kgmmz;

(c)p =12 kgmm2 and (d) I[p =20 kgmm2 with A, isolines.

3. Numerical Results
In this section, Equations (6) and (7) are numerically integrated to assess the potential

response regimes of the proposed magnetic pendulum. Firstly, the normalized equation of
motion shown in Equation (7) is used to produce parameter space plots of the pendulum

response for various pole pairs, highlighting the parameter space regions leading to uni-

directional rotary response. Then, frequency and amplitude response curves are plotted

to better understand the response regime structure, along with selected time histories
and phase portraits. Finally, informed by the ensuing analysis, the response and power
output of a design case study is numerically evaluated via integration of Equation (6). In all
succeeding results, the integration is conducted using a MATLAB R2024a® built-in solver
with a maximum time step of dt = 271/v /100 and dt = 27t/w /100 correspondingly, and

for 1000 excitation periods.

3.1. Parameter Space Plots
The first step in the analysis is to produce parameter space plots distinguishing the
regions where the magnetic pendulum performs a stable unidirectional response. This is
accomplished by numerical integration of the governing equation of motion for various
frequency and amplitude ratios in the range v = [0.5,3.5] and A = [0, 51|, considering

three arrangements of the pole pairs, 1, = 2, 3 and 4. The case of one pole pair is left
out since the resulting normalized equation of motion is identical to that of a parametric

gravitational pendulum. Each point in the space plot is examined for rotational steady-state
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response. This is accomplished by tracking the average value of the pendulum angular
velocity, < ¢’ >, for the last 500 periods. This metric is suitable to identify the establishment
of unidirectional steady-state rotations, since in such a case it is expected to be ~2v. Stable
fixed point and oscillatory response are expected to have a mean velocity of about 0, while
mixed oscillatory rotary, bidirectional rotary, and chaotic are expected to have a mean
angular velocity that is considerably lower than 2v. Furthermore, we do not distinguish
clockwise from anticlockwise rotational response by taking the absolute value of the mean
velocity. Therefore, parameter space regions of unidirectional steady-state rotations are
tracked with reasonable accuracy of the boundaries.

Figure 6 shows the distinction of parameter space regions tuning the magnetic pen-
dulum to rotary steady response for n,, = 2,3,4 correspondingly. Dark shaded areas
correspond to regions of unidirectional rotations, whereas light shaded areas correspond to
any other response regime. The integration of each (v, ) point starts from the same initial
conditions of (0.17t, 0), i.e., we are not performing a continuation analysis since this would
introduce a bias in the evaluation of the response. Note that we extend the plots up to a A,
value that depends on the number of pole pairs. This is carried out based on the linearized
version of the equation of motion where the parametric driving term is normalized by
npp. It is therefore surmised that increasing pole pairs would require higher input energy.
Indeed, the depicted rotational regions show a consistent pattern for the minimum required
amplitude, which is nearly proportional to the number of pole pairs. This is against the
initial effort of providing easier access to the rotational space; however, one should note that
the plotted A, can be manipulated at the design stage via the ratio of the eccentricity over
the magnetic torque, an option that has not been available for alternative pendulum-based
VEHs. In fact, weak pivot vibrations (<<1 g) would trap a gravitational pendulum well
below the rotational region, within a broad frequency range of stable fixed points and a
limited band of oscillatory motion. On the contrary, as will be demonstrated later, weak
vibrations can be properly scaled in the proposed concept such that the resulting A, falls
within the rotational parameter space region.

3.5

Figure 6. Parameter space plots for ¢(0) = 0.17r and (a) 1y, = 2; (b) 1, =3; (c) npp = 4. Dark shaded
regions denote unidirectional rotational response and light shaded regions otherwise.
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3.2. Frequency and Amplitude Response Curves

Another interesting observation is the rather broad frequency range of the regions
corresponding to rotational response. This is better illustrated in the frequency response
curves (FRCs) shown in Figure 7a—c for three A,,; values. Selected time histories are shown
in Figure 7d-i to verify the identified response, denoted on the FRCs with red circles. Note
the response recorded for v = 1.75 shown in Figure 7f that depicts an irregular response
pattern of oscillations and rotations of mixed direction, where the mean velocity was com-
puted below the expected value for rotations. This verifies that the mean angular velocity
adequately identifies unidirectional rotations, such as the ones shown in Figure 7d,h,i for
which the mean velocity was computed at 2v. As the amplitude increases from Figure 7a—c,
the frequency band leading to rotary response increases as well, providing a promising
measure to exploit the system nonlinearities. Note also that, despite the variation in the
amplitude, the mean velocity for all unidirectional rotations is equal to 2v, which implies
that for a given frequency, the rotary response of the pendulum remains fairly consistent
under amplitude variations.

-6 1
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Figure 7. Frequency response curves for vy = 7. = 0.1 and np, = 2. The mean angular velocity
magnitude is shown for (a) A =3, (c) A = 6, and (g) A = 10. Figures (b) npp =3 and A, =4, 8, 15;
(¢) npp = 3 and Ay =3, 6, 10; (d-i) selected time histories corresponding to above FRFs.

Motivated by the previous remark, amplitude response curves are shown to graphi-
cally illustrate the effect of increasing amplitude. Given that the rotary response regions
have already been identified for the considered cases, the mean-squared velocity is now
plotted in Figure 8a against the amplitude Ay, for v = 2 and n,, = 2. Considering that
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damping is taken constant at 7y;; = . =0.1, this is selected as a measure that closely tracks
the power output capacity of the harvester, although in nondimensional form. Observing
the plotted graph, the response expectedly starts from a stable fixed point response, fol-
lowed by the onset of oscillations between approximately A, = (1, 3). As the amplitude
increases, the pendulum swing angles increase as well, leading to mild increase in the
mean-square velocity. However, once the global bifurcation boundary is crossed at about
Am =3, an upwards step change is recorded of over x8 increase in the mean-squared veloc-
ity, attributed to the onset of rotations. These response types are also verified with phase
portraits in Figure 8b,c.
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Figure 8. (a) Amplitude response curve for the mean-squared velocity < ¢2 > for v, = e =0.1,
npp =2 and v = 2; corresponding phase space plots for (b) A, = 2; (c) Ay = 5. Grey dotted lines in
the RHS column show the response from 7 = 0, and solid black lines show the steady-state response
computed from the last 100 periods. Parametric analysis of 7, (d) via the mean-squared velocity ¢2
for v, = 0.01, Ay, = 3, vy = 2; F denotes stable fixed point, O oscillatory steady-state response, IR
irregular response and R rotational response; (e,f) show corresponding phase space plots.

As a result, the presented amplitude response curve reveals that the rotational re-
sponse regime has multiple times higher power generation capacity than the oscillatory
counterpart. In that sense, the proposed concept aims at overcoming the amplitude limita-
tions for pendulum-based VEHs in order to facilitate rotary harvesting and the consequent
expected improvements in the power output, showcased by the response curve in Figure 8a.
However, the onset of rotations is largely inhibited by the damping present in the VEH, that
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is, by the power-extracting circuitry among others. It is therefore necessary to document
the impact of damping on the mean-square velocity. Figure 8d shows < ¢ > against the
inverse of the electrical damping ratio, 7., for a moderate value of A, = 3. Interestingly,
once the damping falls below the threshold corresponding to the selected amplitude for the
rotational response to emerge, the mean-squared velocity attains an almost constant value.
This suggests that the proposed pendulum VEH may operate over a broad frequency range
(see Figure 7a—c) and, at the same time, maintain relatively consistent power output as long
as it is attracted to the rotational response.

3.3. Case Study

The nondimensional analyses in the previous sections highlighted the features of
utilizing magnetic interactions as the basis for the potential energy of a pendulum VEH.
Moving on, a case study is studied numerically in order to show the potential of the
proposed concept with dimensional quantities. Specifically, a low-frequency band is
targeted between 0.5 and 2.5 Hz, assuming weak vibration amplitudes of 0.2 g. Table 1
enlists the parameters used in this preliminary analysis. The rotor and stator magnets
are placed at a radial distance from the center of rotation such that they coincide with the
corresponding listed diameters. Hard N42 magnets are used in the rotor, and soft ferrite
magnets are used for the stator, leading to a weak restoring torque of 0.5 Nmm magnitude.
All permanents magnets are assumed to be 5 mm thick. Noteworthy, the space utilized is
confined at less than 20 cm?, which is considerably lower than the ones reported for other
low-frequency VEHs (see Wang [19]).

Table 1. Parameters used in the case study.

Parameter Value
To (Nmm) 0.5
Mpp 2

m (grams) 60

e (mm) 20

R; (mm) 25

Liot (kgmm?) 31.2
Oy, (rad/s) 5.66
cm (= co) (Nms/rad) 1.77 x 107
Br,rotor (T) 1.315
Br,stator (T) 0.23
Dstator (mm) 10
Dyotor (mm) 50
tstator (M) 1
trotor (Mm) 5

w (mm) 5

Kk (N/A) 0.47
R; (Ohms) 3

Y (= 7e) 0.1

The parameters used for this demonstration lead to a frequency band corresponding to
circav € (0.55,2.77) for a nondimensional amplitude of A = 4.71. Consequently, Figure 6a
is anticipated to describe the VEH response, revealing that a large band of rotary response
is expected. Indeed, Figure 9a verifies the utilization of the nondimensional analysis. Com-
puting the magnetic pendulum response using the dimensional equation of motion shown
in Equation (6) and the analytical-FEA workflow described in Section 2.3.1 to compute
To shows the predicted broad band of rotary response to weak low-frequency vibrations.
Notably, the load power is shown to follow a steady pattern of nearly proportional increase
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with respect to the base frequency within the rotary response boundaries from ca. 1.15 Hz
up to 2.2 Hz. The delivered power is much greater than the power generated by bounded
oscillations of the rotor within the [—7, 7], observed in the region at a higher end of the
considered band, above ca. 2.2 Hz. This is also reported in Figure 10 where a parametric
analysis with respect to the load resistance R; is conducted, effectively reducing the damp-
ing ratio by increasing the resistance. A steep step increase in power output is recorded
when the damping becomes low enough such that the rotor enters the rotational response
region, despite the weak 0.2 g vibrations. Note that when rotary motion is established, the
average speed is nearly independent from the damping ratio, leading to relatively consis-
tent power output. The observed variation in the power output is attributed to deviation
from impedance matching (at ca. 3 Ohms), which nonetheless exhibits a relatively low

sensitivity to fine tuning.
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Figure 9. (a) Mean angular velocity; (b) average load power output; (c) load power density with
respect to device volume; (d) normalized power density for 0.2 g base acceleration, and (e,f) rotor
angular displacement for f = 0.96 Hz and f = 1.5 Hz correspondingly.
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Figure 10. Parametric analysis of average power output and mean angular velocity against load
resistance R; for f = 1.5 Hz.

Moreover, Figure 9¢,d reveal a substantial power density of up to ca 80 W/m?3
(or tW/cm3). When the normalized power density is considered, triggering the ro-
tary motion via the primary parametric response exhibits a maximum value of ca.
1000 W/m?/g? /Hz which is orders of magnitude bigger than typical low-frequency VEHs
reported in the literature (see, for example, corresponding tables in [19,41]). The increased
power density is a result of the adjustable potential well that can trigger the onset of rotary
motion for low-frequency weak-amplitude vibrations. Interestingly, the multiple pole pairs
and the associated equilibria give rise to another distinct region of similarly efficient power
densities at ultra-low frequencies (<1 Hz). In fact, the mean angular velocity is capable
of capturing unidirectional rotations only. The frequency response curves in Figure 9a—d
demonstrate that before the primary resonance where unidirectional rotations are recorded
(Figure 9f), significant power can be harvested via inter-well oscillations observed as jumps
between the two stable equilibria at as low as 0.5 Hz, converted to even bidirectional rota-
tions that overcome the +=7t barrier, such as the time history shown in Figure 9e. This reveals
the potential of the proposed concept for harvesting vibration energy from a large band of
ultra-low- and low-frequency vibrations with a mild acceleration magnitude of 0.2 g.

Furthermore, an additional frequency response is presented in Figure 11 for a constant
displacement amplitude of the base of 12 mm, i.e., with an input acceleration varying
from 0.01 g for 0.5 Hz up to 0.3 g at 2.5 Hz. This is motivated by the fact that mechanical
vibrations at this low end of the frequency spectrum are typically controlled by kinematic
rather than forcing inputs (e.g., wearables). Figure 11 shows the average power harvested
by the electrical load and the corresponding normalized power density. The magnetic
pendulum VEH enters the rotational response just below 1.2 Hz corresponding to a base
acceleration of less than 0.07 g. A remarkable consistency of the harvested power density is
observed in Figure 11b for higher frequencies. Note that a purely inertial VEH with the
static magnets removed (i.e., with T = 0) is bounded to low amplitude oscillations about a
stable equilibrium under the same driving conditions. The introduction of the more flexibly
adjusted restoring torque employs the primary parametric resonance leading to stable
unidirectional rotations. Effectively, as long as the VEH responds with stable rotations, the
harvested power becomes proportional to the base acceleration and nearly independent
of the driving frequency. Although further investigations are required in various aspects
of the proposed concept, the purely magnetically induced pendulum dynamics offers a
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potential solution to the persisting bandwidth problem for ultra-low-frequency vibration
energy harvesting.

N
o
o

300 -

200 -

100 -

normalised Power Density (W/m3/g)

1.‘5 2 2.5
f (Hz)
(b)

Figure 11. (a) Average load power output; (b) normalized power density for a constant base displace-
ment amplitude of 12 mm corresponding to a varying base acceleration of 0.01 g up to 0.3 g.

4. Conclusions

In this paper, a novel magnetic pendulum was proposed for harvesting vibration
energy from low-frequency weak vibrations. The conservative dynamics of the proposed
device are due to the magnetic interactions developed between a purely balanced rotor and
a stator, both carrying permanent magnets. The key feature of this concept is the adjustabil-
ity of the restoring torque via the employment of properly sized and placed permanent
magnets, which leads to a far more flexible design with respect to tuning the device to
the primary parametric resonance, especially when low-frequency weak vibrations are
concerned. The conducted analyses showed that the strength of the magnetic fields offers
an additional design degree-of-freedom, on top of the traditional adjustment of the rotor’s
inertia. Utilizing this, the pendulum VEH can be tuned to a targeted low frequency, whilst
allowing for adjusting the nondimensional excitation amplitude such that the pendulum
enters the rotational response regime. Numerical investigations of the concept’s VEH
performance have revealed that a substantial power density of over 600 W/ m3/ g2 /Hz
can be expected within a low-frequency range of 0.5-2.5 Hz under weak inputs of 0.2 g.
Although the proposed system was studied under strict constraints, such as the vertical
orientation of the pendulum’s axis of rotation, the concept can be readily extended to an
arbitrary orientation considering the combined effect of gravity and appropriately scaled
magnetic fields. The presented results form a promising basis for future development of the
concept towards establishing the relevant technical know-how for linear-to-rotary energy
harvesting from weak low-frequency vibrations in versatile applications.
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